A generalization of conventional deterministic finite element and difference methods to deal with spatial material fluctuations hinges on the problem of determination of stochastic constitutive laws. This problem is analyzed here through a paradigm of micromechanics of elastic polycrystals and matrix-inclusion composites. Passage to a sought-for random meso-continuum is based on a scale dependent window playing the role of a Representative Volume Element (RVE). It turns out that the microstructure cannot be uniquely approximated by a random field of stiffness with continuous realizations, but, rather, two random continuum fields may be introduced to bound the material response from above and from below. Since the RVE corresponds to a single finite element, or finite difference cell, not infinitely larger than the crystal size, these two random fields are to be used to bound the solution of a given boundary value problem at a given scale of resolution. The windowbased random continuum formulation is also employed in analysis of rigid perfectly-plastic materials, whereby the classical method of slip-lines is generalized to a stochastic finite difference scheme. The present paper is complemented by a comparison of this methodology to other existing stochastic solution methods.
INTRODUCTION
The necessity to account for random effects in determining the response of a mechanical system is due, in general, to three different sources: random external forcing, random boundary conditions, and random material parameters. In the last fifteen years the powerful finite element method has undergone various new developments to incorporate these random effects, and is now termed Stochastic Finite Elements (SFE), see e.g. (Contreras, 1980; Benaroya and Rehak, 1988) . In this paper we focus only on the type of SFE problems which deal with randomness stemming from fluctuations in material properties. Most of the past research in that area concerned linear elastic structural responses and relied on a straightforward generalization of Hooke's law, that is p = C(x, cu)e
In equation (1.1) x stands for a location within the body domain, co is an index from the sample space Q, and C (x, co) is a continuous realization of a random tensor field of stiffnesses. Part of the assumption (1.1) is the in vertibility of such a constitutive law, that is e = S (x, co)g S (x, co) = C*"" 1 (x, co) (1.2) whereby e and g in (1.1) and (1.2)| are uniform fields applied to a hypothetical and unspecified Representative Volume Element (RVE) of a random medium. In fact, typically, a locally isotropic form a.. = X(x, co) 5..e +2u(x, co)e.. is adopted by simply postulating one or both elastic constants, such as the Young's modulus, to be a random field. While the effort in SFE has been on the development of efficient numerical methods for solution of boundary value problems, the above model -equations (1.1-3) -lacks a connection to the material microstructure. It is the determination of that missing micromechanics link, which forms the main objective of this paper. Additionally, our methodolgy may also be applied to other than elastic microstructures, and used in solution of random media problems by finite differences. A very closely related issue of specification of continuum random fields approximating elastic microstructures is studied by Ostoja-Starzewski (1993b) . The paper's outline is as follows. In Section 2 we describe the passage from the level of a linear elastic microstructure to that of two random meso-continuum models C s (x, co), where 5 indicates the scale dependence. Next follows a stochastic variational formulation of finite elements -in both dispalcement and force approaches -which illustrates the role of these meso-continuum models in bounding the actual response. The micromechanics approach is employed in Section 3, which focuses on rigid-perfectly plastic materials with random fluctuations in the yield functions. It follows here that the method of slip-lines -well known from the deterministic homogenous media problems -is now to be generalized to stochastic finite differences. Section 4 is devoted to comparisons with other existing approaches. Thus, we briefly review the classical SFE methods for elastic structures and discuss their applicability in micromechanicsbased analyses. In the area of plasticity, we discuss the relation of our formulation of Section 3 to a recent study of Nordgren(1992) .
ELASTIC MEDIA PROBLEMS

Random medium model
Fundamental role in our formulation is played by the concept of a random medium (or random microstructure), which, as is commonly done in mechanics of random media (Willis, 1981) , is taken as a family B = {B(co); co e O } of deterministic media B(co), where co indicates one specimen (realization), and Q. is an underlying sample (probability) space. Formally, Q. is equipped with a a-algebra F and a probability distribution P. In an experimental setting P may be specified by a set of stereological measurements, while in a theoretical setting P is usually specified by a chosen model of a microstructure. All specimens B(co) occupy the same domain in X|, x 2 -plane; we employ a two-dimensional setting (2-D) for the clarity of presentation.
In the following we consider two types of the random medium B. In the first one, we take every specimen B(co) to be modeled by a realization of a Voronoi tessellation ( Fig.  1 .a) , while in the second by a realization of a matrix-inclusion composite (Fig. 1 b) . Fundamental in both cases is a planar space-homogeneous Poisson process of some given density. In case of a Voronoi tessellation each cell, centered at a Poisson point x , is assumed to be occupied by a homogeneous continuum governed by a stiffness tensor C(x, co) following a space-homogeneous probability distribution P(C). In case of the matrix-inclusion composite, we use an inhibition Poisson process to ensure that there is no overlap of inclusions shaped as round disks. We assume the disks to be occupied by a homogeneous isotropic continuum of one kind, while the matrix by a continuum of another.
In case of both models we assume all the phases to satisfy the so-called ellipticity conditions: 3a, (3 > 0 such that for any £ the following inequalities hold for all the phases ocee<eCe<Pee (2.1)
Thus, we have two realistic ergodic media models without holes and rigid inclusions described by random fields C = (C(x, co); xe B;coe Q.} with piecewise-constant realizations. This piecewise-constant nature of stiffness fields is an obstacle to employing the governing equations of continuum elasticity, which require that the stiffness fields be differentiable. Thus, there is a need for another continuum model -one that possibly loses some information due to a "smearing-out" procedure, but is sufficiently differentiable and grasps the meso-level behavior.
Two scale-dependent random continuum fields
First, with the help of Fig. 1 , we introduce a square-shaped window of scale § = t (2.2) d Equation (2.2) defines a nondimensional parameter 5, typically greater than 1, specifying the scale L of observation (and/or measurement) relative to a typical microscale d (i.e. grain size) of the material structure. 8 = 1 is the smallest scale we consider: scale of a crystal or inclusion. In view of the fact that the Voronoi tessellation is a random medium, the window bounds a random microstructure Sg = {Bg(co); CO e D.}, where Bg(co) is a single realization from a given specimen B(co). A continuum-type constitutive law is obtained by postulating the existence of an effective homogeneous continuum Bg 0n (co) of the same volume Vg (i.e. area in 2-D), whose potential energy U, or complementary energy U*, under given uniform boundary conditions equals that of a microstructure Bg(co) under the same boundary conditions. These are of two basic types:
where § is a given constant tensor and dB? is the boundary of J5g, ii) stress-controlled (natural)
.0
where 0 is a given constant tensor. Boundary condition (2.3) results in an effective random stiffness tensor C? (co) , with the Hooke's law being
which points to a random nature of the resulting stress field; overbar indicates a volume average (i.e. area average in 2-D). It has to be pointed out that the surface traction is random inhomogenous on 3Bg (co), with the fluctuations disappearing in the limit § -> oo .
On the other hand, (2.4) results in a following random form of Hooke's law, involving a compliance tensor, e(co) = Sg(co)0° (2.6) which points to a random nature of the resulting strain field, and the presence of random fluctuations in the dispalcement Uj on the window boundary. Hereafter, superscripts e and n stand for essential and natural conditions, respectively. Also, we shall use the same type of notation for conductivity and outof-plane elasticity, whereby e and g are vectors, Cy is conductivity, and Sy is resistivity.
Following (Ostoja-Starzewski, 1992a , 1993a we list here these principal observations: 1. Due to the heterogeneity of the microstructure B §(co), the inverse
is for any finite 8, in general, different from C? obtained under essential conditions. 2. Cg (co) and Cg (co) satisfy an inequality Cg (co) <C^(co) 3. In view of the spatial homogeneity of microstructure's statistics, Cg(co) and Cg(co) converge as 8 tends to infinity; this defines a deterministic continuum B^e t for a single specimen B(co) C det (co) = C"(co) = Cl(co) (2.10) whereby the window of infinite extent plays the role of an RVE of deterministic elasticity theory; in other words, it is at 8 -»<*> that the invertibility of the constitutive law is obtained. 4. Ergodicity of the microstructure implies that
where C is the effective response tensor (independent of CO) of a homogeneous medium. 5. At any finite 8 both response tensors are, in general, anisotropic, with the nature of anisotropy dependent on any specific Bg(co). This indicates that the model (1.3) is invalid. On the other hand, (2.8) is isotropic due to the spatial homogeneity and isotropy of the underlying Poisson point process and the spatial homogeneity of P(C). 6. Since the window may be placed arbitrarily in the domain of B(co), the essential and natural boundary conditions define two different inhomogeneous tensor fields at the scale 8 with continuous realizations, which lead to two random meso-continuum approximations: B\ = {Bg(co) ; fflefl) and Bg = {Bg (co) ; o)e Q }, respectively. Accordingly, a window of size 8 may be considered as an RVE of these two random continuum models; this calls into question the unique response law (1.1-2). 7. Our definition of two inhomogeneous tensor fields is conceptually similar -but not the same (!) -to the procedure of local averaging in the theory of random fields applied to a single realization C(co); co e O (Vanmarcke, 1983) ; it becomes the same in case of a 1-D model only when applied to compliance. In two and three dimensions computational mechanics methods have to be implemented -in a Monte Carlo senseto find the energies and, hence, the effective moduli of finite windows and their probability distributions P (Cg) and P (Cg) . Similarly, the autocorrelation (autocovariance) functions may be determined (see also Wang, 1989 and 1990) . 8. Principles of minimum potential and complementary energies can be used to obtain a hierarchy of scale-dependent bounds on the effective stiffness tensor C (see also Huet, 1990 )
(2-8) This is equivalent, by inversion, to a hierarchy of bounds on the effective compliance S eff = (C eff )"'
9. Since two different random anisotropic continua result, a (2.13) given boundary value problem must then be solved to find the upper and lower bounds on response according as random fields Cg and Cg are employed, see Sections 2.3 and 2.4.
Variational approach to stochastic finite elements
The displacement method
We start from the principle of minimum potential energy for each B(co) of B 5ll(co) = 5 (U(co) -W) = 0 (2.14)
where U(co) is the (random) strain energy and W is the work done by body forces f and surface tractions t . More explicitly, where C (co) should be the tensor Cg determined according to Section 2.2 for the i-th particular triangular finite element. In other words, this finite element specifies a window over which the essential boundary conditions are prescribed, while 8 may be chosen to be the base of an isosceles right triangle; of course some other definiton of 8 may be adopted here, such as, for example, 8 being an equivalent diameter of a circle of the same area as the given triangle.
An important issue concerns the choice of interpolation functions: linear ones u e (xj,x 2 ) =a + bxj+cx 2 (2.19)
are fully consistent with the uniform strain implied by (2.3).
Observing that the uniform strain (as well as uniform stress) is the strain used in micromechanics to define a passage to effective constitutive law, we see an inconsistency in using micromechanical inputs for finite element methods using higher order interpolation functions. Thus, a 2-nd, and higher, order triangular elements as well as all quadrilateral elements would not be consistent with (2.3).
Returning to (2.17) and (2.18) we find
which provides the basis for a Monte Carlo solution of the finite element problem, as well as for solution in terms of moments; see Section 2.3.3 for a discussion of the ensemble average solution. The global stiffness matrix in (2.20) is synthesized from the stiffness matrices of all the elements
where each [ K (co) ] is obtained as follows
In the above [ C (co) ] is the matrix of material moduli, given by 'C e (co) , while ['B] is the gradient matrix. Since now force constraints are imposed on each triangle, the first term in (2.24) becomes
The force method
where 'S n (co) should be the tensor Sg(co) determined according to Section 2.2 for the i-th particular finite element. Also here the system (2.24) may now be expressed in a matrix form.
. Showing a membrane of a matrix-inclusion composite with a finite element mesh of resolution 8. 
Ensemble average formulations
It follows from the Section 2.2 that (2.17) would provide a "stiffer" statistical solution {u e (co) ;co e O}, while (2.24) a "softer" one {ii n (co); co e ,Q}; e and n superscripts have the same meaning as defined earlier. The actual solution u act (co) lies between these two. However, the force method in finite element analyses has some well known drawbacks. Thus, a question arises whether a lower bound on y ac (co) can be obtained by employing the displacement approach solely?
To this end, we carry out ensemble averaging of (2.6) to obtain <f> = <Sg>?
which results in a uniform strain field and linear displacements on the boundary of each i-th finite element. Since the surface tractions are now linear on the element boundary and there is no randomness present, this can now be used in a deterministic displacement formulation
providing we replace g by g -(Sg) (e) and E by ( §).
Of course the upper bound on u ac (co) is obtained by either averaging {y e (co) ;co e £1}, or, more simply employing (2.22) above with an ensemble averaged form of (2.5)
Dually, one can set up a pair of lower/upper bound solutions by using the averaged version of the complementary energy principle of Section 2.3.2, but, in view of our observation at the top of this Section, this would seem to be of less interest.
Example results
An approximate solution method in an SFE problem has recently been implemented by Alzebdeh and Ostoja-Starzewski (1993) . With respect to Fig. 2 , which shows a typical realization B(co) of B, the problem was formulated and run as follows: i) Out-of plane displacements u(x l5 x 2 ) of a matrix-inclusion composite defined in Section 2.1 were studied. These were governed by a Poisson equation with Dirichlet boundary conditions
ox. ~ J (2.29) where f is constant throughout B, and CJ: are components and realizations of two conductivity random tensor fields (of second rank) of continuum approximations "5 or i?g , where 8 corresponds to the mesh size.
ii) Generation, in a Monte Carlo sense, of a realization B(co) and calculation of the effective moduli C? and C? for each square-shaped window (recall Fig.l b) . iii) Using of thus obtained C (co) of any given square as C (co) for the two (isosceles right) triangular-shaped windows making up the square-shaped one, and calculating the stiffer response using a triangular mesh, iv) Using of 'C n (co) obtained in point ii) as 'C n (co) for the two triangular-shaped windows making up the square-shaped one, and calculating the softer response using a triangular mesh. v) Repeating ii) -iv) a number of (say, twenty or fifty) times. Fig. 3 gives results of the above solution method for three mesh sizes -5 = 4, 8, 20. Specifically, this figure shows the ensemble average volumes contained under the membrane -V (co) and V (co) versus increasing contrast, i.e. ratio of inclusion stiffness C to matrix stiffness C m . In order to nondimensionalize the problem, we took C m = 1. We see that, for a fixed 8, both curves are decreasing monotonically and diverging away from the homogenous medium case C 1 = C m = 1, with increasing C. In addition, for a fixed contrast, we see that the two responses (bounds) get closer with increasing 8, and have a tendency to converge to a unique value as 8 -> oo , which corresponds to the deterministic case, recall (2.8). This limit, however, can only be thought of in an approximate sense (a finite element is finite !). In fact, in situations where a resolution of local stresses is desired, we would use rather small elements -i.e. small 8 -and obtain two quite different bounds on the response, accompanied by significant fluctuations. Further discussion and results on the strength of fluctuations in V (co) and V (co) are given in (Alzebdeh and Ostoja-Starzewski, 1993 ).
PLASTIC MEDIA PROBLEMS
Random medium model
The basic concepts introduced in Section 2.1 -i.e. those of a random medium B of domain D defined on Q. and the X|, x 2 -plane, a window of scale 5, and a random continuum approximation Bg -may be applied to materials having a different constitutive response than the elastic one. Specifically, in view of the availability of an effective solution method for rigid-plastic materials -that is, the method of slip-lines -we focus on materials describable by the yield function (a n -a 22 )2 + 4a2 2 = 4k| (3 .1) in which kg is a random field, parametrized by x and y, that describes effective plastic limit of the microstructure according to the chosen resolution 8. A micromechanical basis for determination of kg is discussed in Section 3.2 below. At this stage we assume that the statistics of kg and, in particular, its average (kg) and the autocorrelation distance r c are known. It is interesting to observe that (3.1) may be viewed as a special kind of a yield condition obtained from that of a par-tially cohesive granular-type medium (Sokolovskii, 1965) (a n -a 22 )2 + 4of 2 = (sinp 5 ) 2 (a 1]+ a 22 + 2H 6 )2 (3.2) where Hg is the strength in uniform tension, while pg is the angle of internal friction; also here we have made the two constitutive coefficients scale-dependent. It is apparent that (3.1) may be obtained from (3.2) in the limit of Hg. going to infinity and pg going to zero. However, in the following we shall review our recent results for media governed by (3.1); plasticity of materials governed by (3.2) is studied elsewhere (Ostoja-Starzewski, 1993c) .
In accordance with the foregoing developments, by Z? 5 = (Bg(co); toe O ) = {B(k 5 (co)); coe Q. } we denote a continuous random (plastic) medium specified by a scale 8 with k § (x, 0)) = <k g ) + kg' (x, co) <k' g (x, 03)) = 0
where kg' is the zero-mean noise in kg. In the following we assume: -scale 8 > r c , so that kg (x, co) may be treated as a white-noise random field on that scale; -kg(x, co) is space-homogeneous, ergodic, and has a high signal-to-noise ratio |kg'j«(k 5 )
Slip-lines and stochastic finite differences
The field equations of any realization Bg(co) are In the above kg, and hence, a u , a 22 , a [2 are parametrized by co, but for clarity of presentation we do not show this explicitly. As is usual in the theory of slip-lines (see e.g. Kachanov, 1971; Szczepinski, 1979) , two functions p and cp are now introduced i.. = p + kcCos(2cp) a," = p-k<-cos (2cp) a, ks-sin (2cp) (3.6)
Upon substitution of (3.6) into (3.5), and setting 9 = -TC/ 4 on differentiation, we get 3 P 3cp _3k £ where the rectangular axes are now along the local slip-line directions. The above will be independent of the orientation of the axes if ^-and ^~-are replaced by the tangential oxj 3x 2 derivatives ^2-and -2_ 3s a 3s p along the a and P characteristics, respectively. Hence, 3k s 3k s dp + 2kgdcp = ^-ds dp-2kgd(p = ^-dso 3sp ds 0 P (3.8) These relations represent a system of two quasi-linear hyperbolic equations driven by the random terms involving kg. The corresponding characteristic directions are specified by dx,-= tan (9+ 71/4) dx.
dJT tan (cp -7C/4) (3.9)
Equations (3.8) and (3.9) form the basis for a determination of the Hencky-Prandtl network of slip-lines in a given boundary value problem. In cases of Cauchy and characterisitc problems studied below this relies on the method of finite-differences for finding x, y, p, and 9 at a new point N given the data {Xj, yj, pj, cpj} at the two preceding points i = 1, 2. As discussed by Ostoja-Starzewski (1992b) , due to the randomness in k[, k 2 and k N , as well as the possible randomness in the initial datapj, cpj, p 2 , and (p 2 , two characteristics of the deterministic problem are replaced here by two wedges (cones) of forward dependence, which contain all the characteristics of the stochastic problem emanating from points 1 and 2. Additionally, there is randomness in p N and cp N at the new point N which definitely amplifies the uncertainty in the further evolution. The forward evolution from points 1 and 2 to N displays a Markov property ( x = x, and ysx, here)
where D" is the domain of backward dependence including points 1 and 2, see Fig. 4 a) . In the finite difference discretization of the governing equations D~ consists of a system of points. The Markov property (3.10) may, in principle, be used to either solve the problem analytically by calculating the transition probability as the conditional probability specified by the right hand side above with the help of formulas (3.11-13) below. At the same time, the Markov property (3.10) also suggests two finite-difference methods of determination of the network of slip-lines: an exact method and a mean field method. The first one is based on an observation that any point of the intersection of two cones of forward dependence becomes the initial point of further evolution, and, hence, the probability distribution of {xj, y-v p ; , 9^ i=l, 2} leads to a probability distribution of {x N , y N , p N , 9 N ), which, in turn, serves as input for calculation of the next point. On the other hand, the mean field method replaces the domain of intersection of both forward dependence cones by an average point (N) , and uses it as input for further calculations. Henceforth we focus on the exact method. Since the coefficients k[, k 2 and k N in the above are all random, the finite difference statement (3.11)-(3.12) of the field equations brings us back to the issue of choice of a random field kg. With reference to Fig. 4 b) we consider the random microstructure B to be represented by a Voronoi-type mosaic of grains, recall Fig. 1 a) . Two characteristics a and (3 of the continuum approximation (at 8 s 10 here) are indicated as passing through points 1 and 2, respectively, and crossing at the new point N. Three rectangular shaped .windows B|(co), B 2 (co) and B N (co) centered at these three particular points represent three domains of the microstructure B(co), whose effective plasticities are described by k t , k 2 and k N , respectively. Clearly, due to the finite crystal size, these three quantities cannot be taken as independent random variables, but should reflect the "local smearing out" in each window accounting for the correlation at their boundaries. Effective plasticity of a given window is a function of plasticities of all the crystals belonging to that window, and hence, in view of the results for elastic materials in Section 2.2, should generally be anisotropic. However, due to lack of such a model at present, we adopt here the very simple model of a moving average random field (Vanmarcke, 1983) . Thus, at every location x the value kg is an average of plasticities of all the crystals in the window centered at x . In other words, since all these crystals have random orientations and strengths, the average of their plasticities over a rectangular area with sides of length L, and L 2 , respectively, is a new random field kg with a covariance function where a^ is the standard deviation of kg. It is seen from (3.14) that the correlation between windows that touch is zero. This is why we took in (Ostoja-Starzewski, 1992b) a white-noise random field model, in which the autocorrelation distance r c does not exceed the spacing A of a chosen finite difference approximation, which is the same as °meso It can be argued, however, that there should be some non-zero correlation between the windows that touch due to a strip of crystals straddling the common boundary; see related results in elasticity (Ostoja-Starzewski, 1993b) . In order to account for this effect, the model (3.14) may be modified through a replacement of Li and L 2 in (3.14) by L| + d and L 2 + d, respectively.
The above formulation has been employed to study the effects of randomness in yield limit on the Cauchy problem and characteristic boundary value problems(Ostoja-Starzewski, 1992c), as well as on the load carrying capability of a pipe under internal pressure (Ostoja-Starzewski and SetyAppl Mech Rev 1993 Supplement abudhy, 1992). It has been found that the averages of stochastic solutions tend to differ from the solution of a corresponding boundary value problem for a homogeneous deterministic medium when randomness in kg increases and is combined with the increasing inhomogeneity in boundary conditions.
COMPARISONS WITH OTHER THEORIES
Elasticity problems
A review of classical SFE methods
The need for development of finite element methods taking into account the uncertainty in structural material parameters has been recognized since the late seventies. As a result of the observation that many engineering structures are described by spatially random material properties, several theoretical methodologies were developed in the civil engineering literature. To the best of this author's knowledge all these studies in stochastic finite elements were and are being based on a simple generalization of the Hooke's law to an inhomogeneous locally isotropic continuum
where two elastic coefficients E (x, co) and v (x, co) are random fields. In fact, typically, the Young's modulus only hasbeen adopted as random. In view of the micromechanical analysis of Section 2.2 it becomes evident that (4.1) is in error, since i) a unique random field of stiffness/compliance cannot be determined from the microstructure, ii) a random continuum approximation is, in general, of a locally anisotropic form. It has to be noted, however, that the effort in stochastic finite elements has been on the development of efficient numerical methods for solution of boundary value problems, rather than on development of a connection to the material microstructure. More specifically, these classical SFE methodologies have, in most cases, been restricted to the case of weak fluctuations, whereby (4.1) leads to a stiffness matrix being expressed as the sum of the mean and the weak random fluctuation
Perturbation method This leads to a perturbation-type approach: replacement of a random system by a (theoretically infinite) number of identical deterministic systems each of which depends on the solutoin for the lower order equations. 
Neumann series method This method, advanced by Shinozuka & Yamazaki (1988) , is based on a Neumann series for the inverse of a random operator [K (co) ], which takes the following form
(4.5) The method was introduced as an avenue for a speedier way of solving the stochastic problem by a Monte Carlo simulation. To that end also a Cholesky decomposition of [K (co) ] is implemented.
Weigthed integral method
In contradistinction to the above two methods, this one focuses on the determination of the random stiffness matrix [K (co) ]. The idea, in the setting of an elastic plate problem (Deodatis et al, 1991) , is to start with a locally isotropic random field of, say, Young's modulus (recall eq (4.1) and the discussion following it) and assign it to all the finite elements according to 'E(x, co) = '<E) [l+'f(x, co)] ('f(x, co)> = 0 (4.6) Next, all the elements of [K(co)] are calculated as
where I KQJ and I A KQJ are deterministic matrices, while ! X 0 (co) is a random variable given as
From a micromechanics standpoint this approach gives a Voigt-type estimate for the effective stiffness of the i-th finite element; also, compare (4.7-8) with (2.20).
Spectral method
It is well known that in a representation of a random function by a Fourier series, the coefficients of the expansion become, in general, correlated. In order to retain the uncorrelatedness while obtaining the desired orthogonality of random coefficients, a Karhunen-Loeve expansion (see e.g. Yaglom, 1962) is introduced. This idea has been employed by Ghanem & Spanos (1991) to represent the spatial variability of random field of Young's modulus such as in (4.6). However, this method is not limited to weak fluctuations and avoids the inconsistencies between various other methods involved in the inversion of the random stiffness matrix [K(co)]. Also, it is designed to do away with the problem of dealing with a large number of random variates resulting from a pointwise representation of the random field [E (x, CO) ].
While this method is elegant -recasting of the original problem in terms of a denumerable set of uncorrelated random variables -it has also suffered from a lack of good input from micromechanics. Additionally, its claim of being able to deal consistently with strong noise in material properties has to be qualified -this is discussed in Section 4.1.2 below.
Conclusions
The foregoing very brief review of the SFE methods leads to two principal conclusions: i) a necessity of a correct link to micromechanics in setting up of the continuum random fields (Ostoja-Starzewski, 1993a) and of the random stiffness matrix [ K (co) ], ii) a need for a careful interpretation of the variational principles as a basis for SFE, Thus, although an assumption such as (4.1) is generally incorrect, it follows that the classical SFE methodologies are amenable to possible modifications to incorporate the micromechanical input of the type described in Section 2.2. More precisely, once a continuum random field specification of a given material is found, an existing approach -such as perturbation, Neumann series, Karhunen-Loeve series -may be applied to determine the upper and lower bounds on response according to the stochastic variational formulation given in Section 2.3.
Presence of a strong noise in material properties requires particular attention. A valuable paradigm in the situation of strong microscale material variability is provided by studies in the deterministic homogenization theory, see e.g. (SanchezPalencia and Zaoui, 1987; Hollister and Kikuchi, 1992) . Thus, it appears that a stochastic extension of homogenization theory should provide the most adequate formulation of finite elements for random materials.
Plasticity problems
It appears that the subject of plasticity of randomly inhomogeneous media was first considered in the seminal work of Olszak et al (1962) . While, similar to the situation in elasticity, most of the research efforts have been on finding the effective macroscopic plastic response (see e.g. Zaoui, 1987) , very little attention has been given to random meso-continuum modelling.
The major work we have to mention here is that due to Nordgren (1992). The focus there has been on an original stochastic formulation of lower-bound and upper-bound theorems and a corresponding application to the loading of a wedge. The random continuum model involves a three parameter yield function f = aJ 2 + bI,+d 2 -1 (4.9)
where a, b, and c are strength parameters, and I] and J 2 are the (first and second) stress invariants of stress and deviatoric stress, a, b, and c are random fields obtained from an unconfined uniaxial compression test with yield stress q, for which (4.9) gives -Uq 2 -bq + cq 2 = 1 (4.10)
Random nature of the field q is represented by the presence of fluctuations q' about the mean q, that is q(x, CO) = q + q'(x, CO) <q'(x,CO)) = 0 (4.11)
The correlation function of the random field q' is taken to be homogeneous and isotropic, and, in particular, of the following form B(r) = B Q /(l+r 2 /h 2 ) (4.12)
In (4.12) B 0 is the variance of fluctuations q', while h specifies their lengthscale. We note here two differences of this model from ours assumed in Section 3: i) no dependence on the scale 8 versus such dependence implied in (3.3) , ii) the covariance in Nordgren's model goes to 0 only as the distance between two points goes to infinity -compare this with (3.14); this difference is due to taking the process of "local smearing out" as a point of departure in our approach to formulating random continuum models from micromechanics.
Solution of the boundary value problem of a wedge in (Nordgren, 1992) has been based on finding the mean of the minimum energy dissipation on the multiple branches of possible zig-zag velocity paths along the rigid-plastic boundary -an extensive computational procedure. By contrast, we propose solving a given stochastic boundary value problem directly by calculating a large number (one hundred, say) of responses in a Monte Carlo sense. Unless the mesh resolution is more than about fifty points, this is done in a matter of (at the most) a couple of minutes on a workstation or a personal computer and yields, practically, the whole range of possible behaviors -that is, the probability distributions of slip-line fields, stress fields, and velocity fields.
CLOSURE
In this paper we have discussed the formulation of finite element methods and differences for materials with random microstructures. The key role in this formulation is played by a window concept which, on one hand, leads to a specification of constitutive laws of a random meso-continuum, while on the other, corresponds to a single finite element or difference cell. It follows that by a relatively straightforward modification a finite element/difference program can be made to incorporate a meso-mechanical input. Such an input may, in principle by provided in three different ways: i) a direct computational mechanics simulation of the microstructure in each window (cell), repeated n times in a Monte Carlo sense for various realizations; ii) an assignment of medium's properties according to a random meso-continuum model (Ostoja-Starzewski, 1993b) ; iii) an analytical derivation of the stochastic constitutive laws at the meso-scale.
Work is currently underway to include in our approach other constitutive responses -e.g. stochastic continuum damage mechanics (Ostoja-Starzewski, 1989 ) -and ideally, as mentioned at the end of Section 4.1, to integrate it with a stochastic version of the homogenization theory.
